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Experimental measurements of the fully developed turbulent flow field in straight circular 
tubes of dilute CMC solutions are described. The viscosity of the solutions used had a non- 
Newtonian power law exponent of  0.93 to 0.95 in order to eliminate most of the effects at- 
tributed to power law fluids. Both pressure drop and velocity profile measurements were made 
over a wide range of Reynolds numbers. The velocity data were taken in both the linear 
sublayer and the turbulent core, and are presented in terms of the universal velocity parameters 
modified by use of a viscosity defined a t  the tube wall. A check of the existing empirical cor- 
relations based on a power law viscosity shows that none predict the observed velocity profiles. 

While most fluids are completely described by the 
linear relationship between the shear stress and shear 
rate, called Newton's law of viscosity, non-Newtonian 
fluids have either an additional property or a nonlinear 
functional relationship between the shear stress and shear 
rate, or both ( 1 ,  2) .  There has been a significant amount 
of work published on purely viscous non-Newtonian fluids 
which agrees with the semitheoretical expressions derived 
( 3 ,  4 ) .  These fluids appear to have a friction factor vs. 
Reynolds number dependence that is independent of 
pipe diameter. The nonlinear functional relation most 
often used to characterize the properties of a purely vis- 
cous liquid is the power relation ( 5 )  : 

. - a ( $ ) n  

This relation, however, does not describe any of the un- 
equal normal stresses appearing in many fluids. 

An elasticoviscous fluid has a non-Newtonian rheology 
that gives it one of the properties of a solid, elasticity, 
and may or may not have a nonlinear shear stress versus 
shear rate relationship (6 to 8). Elasticity gives the fluid 
the ability to store energy reversibly and induces normal 
stresses. A complete description of a fluid's properties, a 
constitutive equation, when expressed in a tensor form, 
must obey certain laws of invariance, making the mate- 
rial constants or properties of the constitutive equation 
difficult to evaluate experimentally (9 to 1 1 ) .  As yet, 
there is no means of measuring the constants necessary 
for describing the properties as predicted from the more 
complete, and therefore, more complicated sets of con- 
stitutive equations for elasticoviscous fluids. The only in- 
stance of success involves the correlation of the normal 
stresses in laminar flow with the shear reduction in tur- 
bulent flow (12 ) .  All existing data for fluids which are 
classified as being elasticoviscous indicate that, unlike the 
purely viscous fluid, the friction factor vs. Reynolds num- 
ber correlation is dependent on tube diameter (4 ,  13, 
14). 

Specifically this report describes an experimental study 
of dilute (0.05% by weight) concentrations of CMC 7 
HSP flowing in tubes of two different diameters (0.650 
in. I.D. and 1.427 in. ID.) with a flow rate between 
1.5 and 275 gal./min. Measurements of pressure drop, 

viscosity, and bulk velocity allowed a calculation of the 
friction factor for Reynolds numbers, based on a power 
law viscosity, from 6.0 X lo3 to 4.6 x lo5. Velocity pro- 
files were determined at six Reynolds numbers in the 
large pipe and seven in the small pipe (using a probe 
0.005 in. thick which allowed measurements close to the 
wall) in order to test the conventional relationship be- 
tween + and 7, that is, the law-of-the-wall parameters. 

In keeping with the fluid mechanics viewpoint, the 
major effort has been in the determination of velocity 
profiles so that the radial zone affected by the non-New- 
tonian properties might be located. As measurements of 
elasticoviscous flow in the linear sublayer zone have not 
been made previously, it must be expected that these 
results are subject to a certain amount of error and fur- 
ther verification. It is not the intention of this report to 
present conclusive solutions, but rather to clarify the 
problem and to single out the areas for further study. 

At the conception of these tests, the fluid property re- 
sponsible for the large shear reduction was not known, 
although there were indications that this property was 
not the nonlinear, shear stress-shear rate relationship. 
Therefore, the test fluid was selected on the basis of its 
linearity. If a fluid could be found which had a linear 
viscosity and yet reduced the turbulent skin friction, then 
the property causing the skin friction reduction must be 
a property other than viscosity. CMC 7 HSP, a high 
molecular weight cellulose gum of sodium carboxymethel- 
cellulose ( 1 5 ) ,  was chosen as the additive used on the 
basis of its low rate of degradation, nearly linear viscos- 
ity (n - 0.94), ease of mixing, and widespread use in 
experimental studies. 

EXPERIMENTAL APPARATUS AND PROCEDURES 

Property Measurements 
Since there was no method by which the elastic properties 

could be determined at the low concentrations used, only the 
viscosity was measured. This viscosity was found to be slightly 
nonlinear and is characterized in this article by using the power 
law approximation. It must be pointed out that this approxima- 
tion does not include either the normal stresses or elasticity 
thought necessary to describe the CMC properties completely, 
but it is the best available. 

The Fann Model 35 concentric cylinder, rotational viscometer 
was used to monitor the fluid viscosity at the test site through- 
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Facility 
The facility used for the tests is essentially a closed-loop 

system with a stilling tank and flexible hose feeder added to 
provide smooth, surge-free flow. In order to eliminate any ir- 
regularities, the two test sections (0.650 in. I.D. and 1.427 in. 
I.D.) were polished smooth at the start and periodically dur- 
ing the tests. Fully developed turbulent pipe flow of the non- 
Newtonian fluid was assured by having one hundred and forty 
pipe diameters upstream of the test section. The two pressure 
manometers ( a  10-in. null balance micromanometer and a 6- 
ft. mercury-water U-tube) could be connected across any two 
of the static pressure taps to provide a check of the pressure 
drops measured. The checks with water in both pi es at the 
start of the tests and with CMC in the small pipe ttroughout 
the tests indicated no systematic differences between the pres- 
sure taps. During the experiments in the large pipe, two sets 
of pressure taps became inoperative due to the chemical attack 
of the CMC on the aluminum clad tubing, and prevented a 
check of the pressure data in that pipe. Three flowmeters with 
an accuracy of t 2%, except at the very lowest flow rates, were 
used to cover the range of flow rates used. 

Instrumentation 
In order to measure velocities inside the sublayer, a probe 

of small dimensions was needed. This probe consisted of five 
telescoping stainless steel tubes with the smallest tube (0.012 
in. I.D.) hammered and filed flat to give a 0.006 in. by 0.030 
in. tip. The radial position of the probe tip in the pipe was 
indicated by a depth micrometer which measured the displace- 
ment of the probe tip from the point where it made electrical 
contact with the wall. The overall error in the determination 
of the probe position is believed to be less than 0.0005 in. 

A differential pressure transducer was used to determine the 
dynamic pressure in order to reduce the time to take the veloc- 
ity readings. The pressure transducers were calibrated with a 
micromanometer having 0.0002 in. of water sensitivity and a 
secondary standard mercury manometer. The overall error in 
the velocity instrumentation system was determined to be less 
than 2 3/4 %. Several capacitors were used in the output circuit 
to eliminate fluctuations in the pressure readings. 

Since the most important measurements were of fluid velocity, 
the experimental procedure was designed to minimize any er- 
rors which might be present in the velocity instrumentation. 
After first adjusting the flow rate to the desired value and allow- 
ing the fluid temperature to stabilize, the facility was shut down 
and the zero differential pressure on the transducer was read. 
Then the flow was started and allowed to stabilize before an 

RATE OF SHEAR, ,SEC-I 

Fig. 1. Comparison of shear stress data taken in the Fann and Merrill 
Brookfield viscometers. 

out the experiments. These measurements were used in the 
reduction of all the experimental results. The Fann viscometer, 
which has a usable shear rate range from 542 to 3,252 sec.-1, 
was calibrated throughout the tests with water. The narrow 
shear rate range necessitated a different viscometer to check 
the nonlinearity of the viscosity a t  the higher shear rates ex- 
perienced in the tests. The Merrill BrooHeld High Shear vis- 
cometer was used to extend the shear rate range investigated 
to 70,000 sec.-l (shear rate at which parallel flow breaks 
down). As shown in Figure 1, the power law relation is valid 
up to the maximum shear rate at which the shear stress is 
accurate. Although the maximum shear rate used in the de- 
termination of viscosity is less than that produced in the pipe, 
experimental evidence indicates that for dilute concentrations 
of some polymer additives, the power law is still valid for 
shear rates up to 325,000 sec.-1 ( 1 6 ) .  

In general, the power law character of the viscosity makes 
it more imperative to account for the variation of shear rate 
with radius in the viscometer measurements (1). In all in- 
stances with the rotor-stator combination used in the Fann 
viscometer, this variation was neglected, since the shear rate 
determined from the angular velocity of the outer cylinder 
deviated less than 1/3 of 1% from the true shear rate. In the 
Merrill Brookfield viscometer, the deviation was even less and 
was also neglected. 

Figure 1 also shows the relatively small temperature de- 
pendence of the dilute solutions used. In most instances, the 
temperature of the fluid when tested in the Fann viscometer 
was different from that at which the pipe flow experiment was 
run. However, the viscosity variation for the small temperature 
differences present was interpolated linearly with temperature, 
and it is believed that the error in this method was negligible 
compared to the accuracy ( t 2% ) of the overall viscosity de- 
termination. Others ( 1 7 )  have noted that 30°F. temperature 
differences in the turbulent flow of dilute CMC solutions have 
relatively small influence on the shearing resistance. 

Degradation of the fluid properties, noted throughout the 
tube flow experiments, appears to be both shear and time de- 
pendent. New solutions were mixed whenever the power law 
exponent varied by more than 2% from one run to another. 
The coefficient a in the power law viscosity relation was not 
controlled, however, and was allowed to vary. This arrange- 
ment permitted the same solution to be used as long as three 
days without change. The variation in the viscosity coefficient 
with time between test fluid samples was assumed to be linear 
and was accounted for by interpolation of the typical data 
presented in Figure 2. While a varied between 3.77 x 10-5  
and 5.22 x 10-5, n varied between 0.93 and 0.95. The actual 
values of a and n corrected for temperature and degradation 
are shown in the tabulated velocity profiles. 

4 6 8 lo3 2 

RATE OF S H E A R , ~ , S E C - '  
Fig. 2. Typical low shear rate data for test solutions. 
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electrical indication of the wall position was made. The veloc- 
ity profile, pressure drop, flow rate, and the temperame were 
then measured simultaneously. If there were any appreciable 
differences in any of the last three of these quantities, the 
run was discarded and repeated at a later time. The viscosity 
was measured after every 4 hr. of running, and the fluid vis- 
cosity at intermediate times was interpolated linearly from 
these data. 

RESULTS AND DISCUSSION 

There have been several experimental programs per- 
formed previously (3 ,  4, 17) to determine the turbulent 
and laminar flow characteristics of more concentrated 
CMC solutions. The large differences in fluid properties, 
however, prevent any close comparisons of experimental 
results. Even in instances where the same concentrations 
of a single polymer additive are used, the fluid viscosity 
is most often different and dependent upon the solvent 
purity (18). In addition, the fluid elasticity may be af- 
fected by the solvent purity in a manner that is different 
from that of the viscosity. Also, since the effects of tube 
diameter are unknown, no comparisons can be made be- 
tween data taken in tubes of different sizes. These effects 
have prevented the cross checking of experimental results, 
and for this reason all of the data reported herein are for 
a single fluid viscosity index within experimental limita- 
tions. 

Basically, the problem of specifying the correlation of 
the turbulent friction factor with the Reynolds number 
resolves itself into two dependent parts: first, the deter- 
mination of the complete relation between shear stress 
and shear rate; second, the determination of velocity as 
a function of radial position in terms of universal con- 
stants. Universal constants are those which can be deter- 
mined experimentally and can be applied to a physical 
boundary-layer flow field independent of fluid type, free 
stream velocity, and surface geometry. These two proc- 
esses will now be considered in detail. 

At present, the fluid properties that can be measured 
are incomplete since they neglect elasticity, and the 
power law relation used is, at best, only an approximation 
for the viscous properties. However, this viscosity charac- 
terization worked reasonably well for friction factor pre- 
diction in laminar flow ( 5 )  and therefore was extended to 
turbulent flow. In addition, the power law was used to 
change several parameters in the universal velocity cor- 
relation, u/u* = A loglo u*y /u  + D, known as the law- 
of-the-wall, which was expected to predict the correct 
velocity profiles. Since the power law viscosity changes 
with radial distance (shear rate), in the past it was 
thought necessary to account for this effect in all the tur- 
bulent velocity correlations (4 ,  19, 20). This changed the 
usual parameter for the radial change of velocity, yu*/~,  
to p ynu*2-n/a, which made the theoretical velocity gradi- 
ent vary as a function of n. However, in turbulent flow, 
viscosity is most important at the wall and serves as a 
reference parameter only for the remaining velocity field, 
since the momentum is transferred through the fluid by 
a macroscopic process rather than a microscopic process. 
Therefore the usual law-of-the-wall parameters were used 
with only the viscosity modified, as shown below. 

The original formulation of the law-of-the-wall was 
based on experimental observations in a pipe, dimensional 
analysis, and the formulation of some simple similarity 
laws (21 ) . This formulation is based on the shear velocity 
u * ~  = r w / p  at the wall, and to be consistent within the 
assumption of the similarity laws, the viscosity must also 
be determined at the wall. Therefore, by defining 
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and by assuming that the power law applies at the wall 
du n 

T w = a ( , )  w 

we have, after substitution, 
Twl- l ln  a l / n  

Uw = 
P 

This value of viscosity at the wall was used in the reduc- 
tion of all the velocity data to the universal form. 

By using the universal velocity correlations with the 
constants A and D determined experimentally, Prandtl 
(22) found it was possible to derive the friction factor 
vs. Reynolds number relationship. Nikuradse ( 2 3 ) ,  by 
using his experimental results to modify slightly the con- 
stants derived for this relation, predicted all the experi- 
mental data up to a Reynolds number of 3 X lo6. This 
relation is used later for the comparison of experimental 
data with Newtonian theory. 

Although the Reynolds number could be based on the 
uW, at the present it is better for two reasons to continue 
with the existing power law Reynolds number NRen = 
8 [ 2 ( 3  + l / n ) ] - n  [ p  dnu2-n/a] ,  derived from laminar 
flow considerations (5). First, all of the previous experi- 
mental data have been presented and compared on this 
basis and a different Reynolds number would only in- 
crease the present confusion of experimental results. Sec- 
ond, the uw presupposes knowledge of the rto which is the 
quantity that the correlation should predict. Therefore, 
the universal velocity data will be presented in terms of 
uw, while the friction factor vs. Reynolds number data 
will be presented in terms of N R ~ ~ .  

Velocity Measurements 
As mentioned previously, the velocity data are subject 

to four errors of measurement and each of these will be 
considered before discussion the velocity results. At low 
probe Reynolds numbers, the viscous action of the fluid 
increases the stagnation point pressure and a total pres- 
sure probe gives a false indication of the stagnation pres- 
sure. At the lowest velocity used in these tests, the tip 
Reynolds number based on the probe tip height is ap- 
proximately 50 which makes the velocity indicated by 
the probe approximately 0.5% low (24) .  The effect of 
the large velocity gradients close to the wall is to dis- 
place the point at which the true stagnation pressure is 
measured away from the wall (25). This phenomenon 
serves to increase the velocity actually measured. For the 
probe dimensions used, the effective center of the probe 
should be displaced by approximately 0.001 in. The ex- 
pected turbulence level also serves to increase the dy- 
namic pressure measured at the probe tip, thereby in- 
creasing the velocity slightly (26). Finite static tap 
diameter increases the static pressure (27, 28) and thus 
reduces the measured velocity by less than 0.5%. Over- 
all, the expected probe and tap diameter effects would 
tend to decrease the integrated flow rates by less than 
0.5%, while the velocity close to the wall would be in- 
creased slightly. 

The forementioned results are based on experimental 
results obtained from measurements on Newtonian fluids. 
In particular, most of the possible effective center correc- 
tions have been justified by agreement with the hypothe- 
sized linear sublayer, but no such hypothesis has been 
demonstrated experimentally for non-Newtonian fluids. 
Therefore, it was decided not to make any adjustment of 
the data and to present the original data for individual 
interpretation. 

All of the velocity data! are presented in terms of the 
f The velocity profiles presented herein are typical of those taken. A 

tabulation of all the velocitv data has been deposited as document 
8769 with the American Documentation Institute Photoduplication 
Service Librarv of Congress Washineton 25 D. C.: and may be ob- 
tained 'for $2.50 for photopknts or $1.75 fGr 35-mm. micmfilm. 

Journal Page 583 



d = 1.427" 

YU* 4 =z 
Fig. 3. Typical generalized velocity profiles. 

viscous fluids. If one looks closely at the region between 
r )  = 8 and 7) = 30 for N R ~ ~  = 6.99 X lo4, it appears 
that the velocity in the buffer zone is uniformly displaced 
in proportion to that in the fully turbulent region. This 
somewhat unexpected result would seem to indicate that 
the significant effect of the elasticoviscous fluid properties 
is felt in the linear sublayer next to the wall. If one hy- 
pothesizes that the linear sublayer remains unchanged by 
the elasticoviscous properties, then the velocity in the 
buffer zone should become asymptotic to the linear sub- 
layer veloci at small 7. This did not happen as shown 

First, the velocity indicated by the probe may be incor- 
rect. Second, the major elasticoviscous effect may truly 
be in the linear sublayer. There is much evidence ( 3 0 )  
to suggest that the linear sublayer is not laminar at all 
but is composed of longitudinal and transverse oscilla- 
tions close to the wall. If this were true, it might explain 
why the steady laminar flow fields of elasticoviscous 
fluids can be predicted, and the linear sublayer flow fields 
of turbulent flow at higher Reynolds numbers cannot. 

The tabulated velocity profiles not plotted but inter- 
mediate between N R ~ ~  = 6.99 x lo4 and 2.11 x lo5 
show a continuing increase in the upward displacement 
of the velocity profile. There is no indication fram the 
available data that this increasing displacement will not 
continue for even larger N R e n .  

The large pipe shows much the same effect; however, 
the data are over a more limited range (Figure 3 ) .  At 
N R ~ ~  = 9.80 x 104, the same uniform displacement of 
the velocity profile in the buffer region is noted. 

When the constant D in the law-of-the-wall relationship 
for the two pipe sizes is compared vs. N R e n ,  as in Figure 
5, the differences between the flow in the different size 
pipes can readily be seen. The differences correspond ex- 
actly with that which is observed in the f vs. N R ~ ~  cor- 
relation, since the friction factor is an inverse function of 
D. At high N R ~ ~ ,  the friction factor for  the small pipe is 
less than that of the large pipe, while at lower N R ~ ~ ,  it is 
essentially the same. Based on Figure 5, it is easy enough 
to predict what will happen in these sizes of pipe with 
this particular fluid, but such a correlation without addi- 
tional data would be useless for extrapolation to other 
fluid concentrations or pipe sizes, and is therefore omitted. 

The velocity profiles obtained show no agreement with 
the semitheoretical results predicted by Granville, Dodge, 
and Metzner, and by Clapp for power law fluids, thereby 
indicating again the presence of elasticity or some addi- 
tional property other than a nonlinear viscosity. 

Friction Factor Measurements 

Shown in Figure 6 is the experimental determination 
of the friction factor vs. N R e n  correlation for both water 

above and t x ere could be several reasons why it did not. 

5 0  I l l 1  I i l l  
d = 0.65" 

p? 
Fig. 4. Typical generalized velocity profiles. 
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Fig. 5. Comparison of D for small and large tubes as a function of 
Reynolds numbers. 

and the 0.05% CMC solutions for both pipes. The Reyn- 
olds number for the test runs with water were determined 
from the flowmeter readings since there were no velocity 
profiles taken. All of the data with CMC were based on 
the integrated velocity profiles, since these profiles were 
considered the most reliable piece of information taken 
from the tests. Except for several very low flow rates on 
318 Pottermeter, which were discarded, all of the inte- 
grated profiles showed an average increase in flow rate 
7% greater than that indicated by the flowmeters. This 
effect is as yet unexplained but it is interesting to note 
that others (17) who used a different type of flowmeter 
and higher concentrations have observed the same varia- 
tion. Although the maximum reduction in skin friction is 
not insignificant, it is small compared to what is usually 
obtained at higher concentrations. However, the purpose 
of this study was to obtain a liquid having a ower law 

to separate elastic effects from viscous effects. None of 
the existing power law turbulent flow correlations predicts 
the curves measured. There does not appear to be any 

index n as close to one (Newtonian) as possib Ip e in order 

f =  

lo-’ 

- C = O . O O %  

0 - C = 0 . 0 5 %  
7- I o-z 

Mpnr 

lo-’ 
10 ’ lo4 l o 5  10‘ 

NRen = 8 [ 2(3++r r-1 
Fig. 6. Friction factor vs. Reynolds number. 

appreciable increase in the transition Reynolds number 
even though the data does not completely cover this 
range. 

In the large pipe, the difficulties with the pressure taps 
makes the accuracy of both the water and CMC data ques- 
tionable, but the results as presented are believed to be 
reasonably accurate. A best fit straight line through the 
large pipe CMC data would be more parallel to the New- 
tonian curve than a similar line drawn through the small 
pipe data. 

CONCLUSIONS 

The following conclusions may be drawn from the ex- 
perimental data presented: 

1. The decrease in friction factor from the Newtonian 
value with decreasing pipe diameter is as reported experi- 
mentally elsewhere. 

2. For the low CMC concentrations used, the friction 
factor indicates no large increase in the Reynolds number 
for transition. 

3. The major effect of the CMC solutions is a shift 
linearly upward (increasing with N R ~ ~ )  of the velocity 
parameter in the universal law-of-the-wall relationship. 
This indicates that the mixing length constant has not 
been affected by the elasticoviscous properties. 
4. The lack of agreement with the correlations pro- 

posed for pseudo plastic or power law fluids indicates that 
there is an additional property required to fully describe 
its motion. 

5. Because of the very fundamental differences ob- 
served in the velocity profiles, further work is needed to 
determine how the turbulent momentum transport is mod- 
ified and to determine the effects of the normal stresses 
on the measured velocity profiles. 
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NOTATION 

a 

A 

c 
d = pipe diameter 
D 

f 
n 

Q = flow rate 
r 

NRen = power law Reynolds number 
I C  

urn 
ii 
ti* = friction velocity, ( ~ , , , / p ) * / ~  

y 
Greek Letters 

T,,, 
p = density 
4 = nondimensional velocity (u/u*)  

= non-Newtonian fluid property, defined by Equa- 

= dimensionless constant in universal velocity cor- 

= concentration, percent by weight 

= dimensionless constant in universal velocity cor- 

= friction factor, %, , , / (p  U 2 )  
= non-Newtonian fluid index, defined by Equation 

tion (1)  

relation 

relation 

(1) 

line 
= radial coordinate, distance from the tube center- 

= velocity in the x direction 
= velocity at the centerline 
= bulk velocity, 4Q/( rd2) 

= normal coordinate, distance from the wall 

= shear stress at the wall 

= nondimensional normal coordinate ( yu’/vm) 
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Y = viscosity 
vw 
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Local Thermodynamic Consistency of 

Vapor-Liquid Equilibrium Data for Binary 

and Multicomponent Systems 
F. D. STEVENSON and V. E. SATER 

low0 State University, Ames, low0 

The Gibbs-Duhem equation, integrated over specific concentration ranges, is used to deter- 
mine local thermodynamic consistency of vapor-liquid equilibrium data. Several specific op- 
plications of the test are given for binary systems, although the method is equally applicable 
to lineor paths in multicomponent systems. The test is particularly useful for evaluating the 
consistency of incomplete data, thot is, data measured over only part of the concentration 
ronge. 

Since the introductory work of Herington (1) and 
Redlich and Kister (Z), Prausnitz and Snider ( 3 ) ,  Van 
Ness ( 4 ) ,  and others have extended the applicability of 
the Gibbs-Duhem equation to test the internal consistency 
of vapor-liquid equilibrium data for linear paths in multi- 
component systems. A test, not restricted to linear paths, 
was proposed by Li and Lu ( 5 )  for ternary systems and 
more recently was extended to multicomponent systems 
by McDermott and Ellis (6). Both the Van Ness and the 
Li and Lu approaches test for local consistency of the 
data as well as their overall consistency. A unified con- 
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sistency test, proposed by Tao (7), tests local and overall 
consistency in binary and multicomponent systems, with 
consistency or inconsistency being established in terms of 
the limits of the experimental error of the data. This 
method, however, becomes relatively insensitive to local 
inconsistencies at high concentrations when inconsistencies 
or extrapolation errors at  low concentrations are signi- 
ficant. 

The purpose of this work is to illustrate the utility, as a 
precise test for local consistency, of a simple integration 
of the Gibbs-Duhem equation over a narrow concentration 
rauge with the extent of deviation from the nun value 
being an indication of the local inconsistency of the data. 
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